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A relationship between the mobility and diffusivity of semiconductors exhibiting bandgap nar-
rowing has been presented. The relationship is general and applicable to both non-degenerate and
degenerate semiconductors under an applied bias. It is suitable for the investigation of the electrical
transport in heavily doped semiconductors.
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1. Introduction

Heavy doping and carrier degeneracy are keys to
the realization of important properties of semiconduc-
tors [1]. They are especially instrumental in dictating
the characteristics of ohmic contacts [2 – 4] and Schot-
tky contacts [5]. In fact, because of this, the perfor-
mance of semiconductor devices at the device termi-
nals and the speed of the operation of switching tran-
sistors are significantly influenced by the degree of
doping and carrier degeneracy in various regions of
the semiconductors. Diffusivity-mobility relationship
(DMR) for electrons and holes in these semiconductors
is a very useful parameter. It allows the determination
of the carrier diffusity De from known experimental
values of carrier mobility µe. A convenient way to un-
derstand the influence of carrier degeneracy on the per-
formance and the operation of semiconductor devices
is to take advantage of a DMR that takes bandgap nar-
rowing under heavy doping into consideration.

During the past years a series of investigations
[6 – 19] have been carried out to investigate the rela-
tionship between the carrier diffusivity and the car-
rier mobility in semiconductors. The two-band Kane
model has been widely used for these investigations. If
E is the carrier energy as measured in the vertically up-
ward direction from the band edge of a semiconductor,
and EG is the energy bandgap of this semiconductor,
then the two-band Kane model is based on the assump-
tion that E/EG � 1. Being a mechanism that is ther-
modynamically independent of any scattering, this re-
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lationship is more accurate than the individual relation-
ships for mobility and diffusivity. The scope of their
applicability is consequently drastically reduced. Our
objective in this investigation is to present a modified
relationship for the DMR that takes into account car-
rier degeneracy and bandgap narrowing, and is applica-
ble to both wide bandgap semiconductors [20] and nar-
row bandgap semiconductors [21]. Such a relationship
would be important for critical analysis of the carrier
transport in semiconductor homostructures [22], semi-
conductor/semiconductor heterostructures [23], and
insulator/semiconductor heterostructures [24 – 26].

2. Theoretical Model

The performance of devices involving non-parabolic
band structures is significantly influenced by carrier
degeneracy. Under heavy doping the energy spectrum
for electrons in n-semiconductors may be [27]

E(E + EG)(E + EG + ∆)(EG + 2∆/3)
EG(EG + ∆)(E + EG + 2∆/3)

=
h̄2k2

2m∗
e
, (1)

where m∗
e is the effective electron mass at the con-

duction band edge, ∆ is the spin-orbit splitting con-
stant, h is Planck’s constant, and h̄ = h/2π . If ∆ � EG
or ∆ � EG, which is true for many wide bandgap and
narrow bandgap semiconductors, (1) may be simplified
as [6 – 9]

E(1 + β E) =
h̄2k2

2m∗
e

(2)
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with β = 1/EG. Equation (2) is the two-band Kane
model. Making use of (2), the density of states func-
tion ρ(E) may be given by [6 – 9]

ρ(E) =
(

k
π

)2 dk
dE

, (3)

ρ(E)=
1

2π2

(2m∗
e

h̄2

) 3
2 [E1/2(1+β E)1/2(1+2β E)], (4)

and the electron density may be given by

n = 4π
(

2m∗
e

h̄2

) 3
2

·
∞∫

0

E1/2(1 + β E)1/2(1 + 2β E)E1/2dE
1 + exp[(E −Efn)/kBT ]

,

(5)

n = 2
(2πm∗

ekBT
h2

) 3
2 [

ℑ1/2(η)+ t1ℑ3/2(η)

+ t2ℑ5/2(η)+ t3ℑ7/2(η)
]
,

(6)

where Efn is the quasi Fermi energy,

t0 = 1, t1 =
15
4

β kBT, t2 =
105
32

β 2k2
2T 2,

t3 =
315
128

β 3k3
2T 3,

(7)

and ℑ j(η) is the Fermi-Dirac integral of order j:

ℑ j(ηC) =
1

Γ ( j + 1)

∞∫
0

z jdz
1 + exp(z−ηC)

. (8)

It may be noted that (6) thus obtained takes non-
parabolicity of the band structure of heavily doped
semiconductors, but not the bandgap narrowing, into
account. With this bandgap narrowing the conduction
band edge Ec is actually Eco + ∆Ec, where Eco is the
conduction band edge without bandgap narrowing, and
∆Ec is the extension of the conduction band edge due
to bandgap narrowing [28]. It may simply be written
as A∆EG, where A is the asymmetric parameter and
∆EG is the total energy bandgap narrowing [28]. Equa-
tion (6) may consequently be modified to

n = Nc
[
ℑ1/2(η0 + ∆η)+ t1ℑ3/2(η0 + ∆η)

+ t2ℑ5/2(η0 + ∆η)+ t3ℑ7/2(η0 + ∆η)+ . . .
]
,

(9)

where Nc, the effective density of states for electrons
in the conduction, is given by

Nc = 2
(

2πm∗
ekBT

h2

)3/2

. (10)

Making use of Taylor’s series expansion, one may ob-
tain

ℑ j(η0 + ∆η) = ℑ j(η0)+ ∆ηℑ j−1(η0)

+
(∆η)2

2
ℑ j−2(η0)+

(∆η)3

6
ℑ j−3(η0)+ . . .

(11)

with [29]

∆η =
A∆EG

kBT
=

(
3Aq2

16kBT πε

)
1
as

, (12)

where q is the electronic charge, kB is the Boltzmann
constant, T the absolute temperature, ε the dielectric
constant of the semiconductor, and as is the screening
length, which is given by [29]

1
as

=
(√

πεkBT
2q2Nc

)√
ℑ−1/2(η0). (13)

Equations (12) and (13) yield

∆η = λ
√

ℑ−1/2(eta0) (14)

with

λ =
3A

32
√

πNc
. (15)

In the framework of (10) – (15) and with

w = λ [ℑ−1/2(η0)]1/2, (16)

(9) may be rewritten as

n = Nc ∑
j=1

t j−1
{

ℑ j−1/2(η0)+ wℑ j−3/2(η0)

+ (w2/2)ℑ j−5/2(η0)+ (w2/6)ℑ j−7/2(η0)
}

.
(17)

Note that, for λ = 0, (17) reduces to the equation
for semiconductors with a non-parabolic energy band
structure exhibiting no bandgap narrowing. For λ = 0
and t j = 0 ( j = 1, 2, 3, 4, . . . ), it reduces to that for
semiconductors with a parabolic energy band structure.
Employing (17), the Einstein relationship between the
diffusivity De and the mobility µe is
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De

µe
=

n
q

(
dEfn

dn

)
, (18)

De

µe
=

(
kBT

q

) ∑
j=1

t j−1
{

ℑ j−1/2(η0)+ wℑ j−3/2(η0)+ (w2/2)ℑ j−5/2(η0)+ (w3/6)ℑ j−7/2(η0)
}

∑
j=0

t j
{

ℑ j−1/2(η0)+ wℑ j−3/2(η0)+ (w2/2)ℑ j−5/2(η0)+ (w3/6)ℑ j−7/2(η0)
} . (19)

3. Results and Discussion

A relationship between the carrier diffusivity and
the carrier mobility in heavily doped n-type semicon-
ductors with non-parabolic energy band and bandgap
narrowing has been developed. For this development
it was assumed that the free carrier concentration n is
identical to the doping concentration Nd. The relation-
ship depends, to a large extent, on the validity of Tay-
lor’s series expansion (11). At room temperature T =
300 K, kBT ≈ 25 meV. ∆EG is insignificantly small for
non-degenerate semiconductors. However, it may ex-
ceed 100 meV for some degenerate semiconductors.
This means that Taylor’s series expansion (11) for de-
generate semiconductors is valid only when the asym-
metric parameter A is well below unity, and ∆η � η0.
For most of the semiconductors it is indeed the case as
∆Ec ≈ ∆EG.

Following a procedure analogous to (19) a similar
formula may also be obtained for p-type semiconduc-
tors. Our formula (19) is important for the study of
transport properties. It is quite general and applicable
to both non-degenerate and degenerate semiconduc-
tors. In the absence of bandgap narrowing it reduces
to

De

µe
=

(
kBT

q

) ∑
j=1

t j−1{ℑ j−1/2(η0)}

∑
j=0

t j{ℑ j−1/2(η0)} . (20)

Generally bandgap narrowing does not take place in
the absence of carrier degeneracy. So, the DMR De/µe
may not be obtained for non-degenerate semiconduc-
tors exhibiting bandgap narrowing. In the absence of
non-parabolicity and bandgap narrowing, (19) reduces
to

De

µe
=

(
kBT

q

) ℑ j−1/2(η0)
ℑ1/2(η0)

. (21)

In the absence of carrier degeneracy, non-parabolicity
and bandgap narrowing, (19) reduces to

De

µe
=

(
kBT

q

)
. (22)

Fig. 1. Variation of the normalized diffusivity-mobility rela-
tionship (DMR) De/µe with the normalized carrier concen-
tration (n/Nc) in germanium at 300 K with (curve 1) and
without (curve 2) bandgap narrowing.

Equation (22) is the conventional diffusivity-mobility
relationship. It may be noted from (22) that, for all
non-degenerate semiconductors having parabolic en-
ergy band structure, the DMR De/µe is the same at
any given temperature.

The dependence of the normalized DMR De/µe
on the normalized carrier concentration in germanium
at 300 K was calculated from (19). It is shown in
Figure 1. The bandgap narrowing, the effective elec-
tron mass, and the dielectric constant for the semicon-
ductor were obtained from [1]. The asymmetric pa-
rameter A was chosen to be 0.1. One may note that
the variation in the DMR De/µe with the normalized
carrier concentration remains insensitive to the car-
rier concentration until it reaches about 5. However,
it increases rapidly with increasing carrier concentra-
tion for n/Nc ≥ 5. There are two (De/µe) vs. (n/Nc)
curves. Among them, curve 1 takes the bandgap nar-
rowing effect into account; curve 2 does not take this
effect into account. A comparison of the two indi-
cates that bandgap narrowing does indeed influence the
DMR.
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